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ABSTRACT 

We discuss the non-linear sigma model representing a NSR open string in a 
curved background with non-zero B^i^-field. With this couphng the theory is not 
automatically supersymmetric, due to boundary contributions. When B = 
supersymmetry is ensured by the conditions that follow as the boundary contri- 
bution to the field equations. We show that inclusion of a particular boundary 
term restores this state of affairs also in the presence of a 5-field. The boundary 
conditions derived from the field equations in this case agree with those that 
have been proposed for constant i?-field. A coupling to a boundary A^-field will 
modify both the boundary conditions and affect the supersymmetry. It is shown 
that there is an A-coupling with non-standard fermionic part that respects both 
the supersymmetry and the shift symmetry (in the B and A fields), modulo the 
(modified) boundary conditions. 



^parviz@physto.se 

^ul@physto.se, supported by the Swedish Natural Science Research Council 
^zabzin@physto.se 

1 



1 Introduction 



Lately, interest in relevance of noncommutative geometry for string theory has led to 
investigations of open strings propogating in a (constant) two-form background 0, In 
this context generalization of the periodic (antiperiodic) boundary condition for open string 
fermions (and the bosonic counterpart) have been discussed [H, but not derived from 

an action. In this paper we study the (globally) supersymmetric sigma model action rep- 
resenting an open NSR string in a curved background with non-zero S-field. In the most 
general setting, both the metric and the i?-field are taken to be arbitrary background fields. 
With this coupling the theory is not automatically supersymmetric, due to boundary con- 
tributions. When B = 0, however, supersymmetry is ensured by the conditions that follow 
as the boundary contribution to the field equations. We show that inclusion of a partic- 
ular boundary term restores this state of affairs also in the general case. The boundary 
conditions derived from the field equations in this case agree with those that have been 
discussed for constant 5-field. We further consider the coupling to a boundary A^j-field. 
Such a coupling will modify the boundary conditions and affect the supersymmetry, but is 
needed for invariance under the combined gauge transformation of the 5-field and shift of 
the A-field. It turns out that there is a A-coupling with non-standard fermionic part that 
respects both the supersymmetry and the shift symmetry modulo the (modified) boundary 
conditions. A remakable feature of this A-coupling on the boundary is that, whereas it is 
not supersymmetric by itself, the boundary conditions nevertheless ensures invariance under 
supersymmetry (of the whole action). 

We emphasize that our attitude is to take seriously the boundary conditions derived from 
the total action, including background B field and boundary A-field, and try to reconcile 
them both with supersymmetry (and shift symmetry). 

The paper is organized as follows: Section 2.1 deals with the known case of a constant 
5- field and a flat Minkowski metric. Here we rederive the known boundary conditions from 
an action by adding a boundary term to the standard Lagrangian. We also prepare the 
ground for the generalisation to a non-constant metric and S-field presented in Section 2.2. 
In Section 3 we give the boundary coupling of the A-field, the corresponding boundary 
conditions for the whole action and the proof of boundary supersymmetry. In Section 4, for 
completeness, we sketch the covariant quanization of the model with constant background 
fields, discuss the question of space-time symmetry, exhibit the breaking of the Lorentz group 
and construct the vertex operator for a massless boson. Section 5 contains our comments 
and conclusions. 
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2 Construction of the action 



2.1 Constant 5-field 

In this subsection we present the construction of the globally supersymmetric world-sheet 
action for the open string in Minkowski space in a constant 5-field. (The discussion in the 
literature has been rather inconclusive To display the ideas, the presentation will be 

very explicit. Exactly the same logic will be applied to the non-constant case in the next 
subsection. 

Many questions can be dealt with without explicit knowledge of the correct action. A 
constant i?-field will not modify the bulk physics, (the equations of motion and the stress 
tensor,e.g.), but only the boundary conditions. From the bosonic theory we know the correct 
boundary condition for the coordinate X^^: 

[E,,d^X^ - E^,d=X%^,^^ = 0, (2.1) 

where E^^ = rj^^ + B^^. Using the supersymmetry transformations (see Appendix for nota- 
tion) 

SXf" = -e+^1-e-^^, (2.2) 
S^l = -ie+d^X^", (2.3) 
Si/j^^ = -ie-d=X^', (2.4) 

we find to be the boundary supersymmetry transformation of an expression involving 
the fermions 

V {vf.uX'" - B,,X-) U=o,. = \5 {E,,r+ T E,,r-) \a=o,n, (2.5) 

where t] = = ±e^, rjni, is the Minkowski metric. For the model to be supersymmetric, 
we thus have to require the expression on the right hand side to vanish. Our task is then 
to construct an action which gives rise to both ( p.l|) and the fermionic boundary condition 
implicit in ( p. 51) . We start from the standard superfield action 

S=^J d^d^e (2.6) 

with constant E^j^ and manifest bulk supersymmetry. The component action that results 
from ( p.6| ) is 

S = I (fi {d^X^d'^X^ + {^^p»d^ip,+ 

+ e'^f'B^^d^X^'dpX' + le'^l'B^^'^^p^di.r) (2.7) 
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where we have kept all boundary terms. Varying the action we find the usual field equations 
and the boundary contributions, which should vanish. We find that we must require 



(5X'^[9=X^E^, - d^X^'E^,] + i[iljt5r-E,>. - V+5r+E^,])^ = 0. (2.8) 

^ / |cr — O.TT 

An additional condition follows from the the supersymmetry variation of the action ( |2.7| ), 
namely 

r^[d^X^r-E,. T r+d=X^E,,]\^^,^^ = 0. (2.9) 

Correct boundary conditions for X^ and should ensure that both ( p.8|) and ( p.9|) are 
satisfied. The bosonic boundary condition (p.l|) will cancel the bosonic variation in (|2.8| ). 
Using it in (|2.9|) and trying to choose the fermionic boundary conditions such that both ( p.8|) 
and (|2.9| ) are satisfied, however, we run into contradictions. In the presence of the i?-field 
there is no such fermionic boundary condition^. 

Without changing the bosonic part, the way forward is to add boundary terms, i.e., total 
derivatives, to the action (|2.7|) . For constant i?-field, there are two (essentially unique) 2D 
Lorentz-invariant boundary terms involving two fermions and one derivative. They give us 
the following additional action: 

Sbound = J d'^i [a (t'^^B.J^^p^dpr) + 13 {B.^'^^p^d^r)] ■ (2.10) 

Analysing the sum of ( p.7|) and (|2.1CI| ) we find solutions to the relations corresponding to 
and ( |2.9D for a = (3 = i. Thus the boundary term ( p^.lOD has the form 



Sbound = / rf'e i2^B^,^|J^^=r+) = / d'^ {id={B ^,r+r+)) . (2.11) 

and the sum of the actions is 

S = j d^^id^X.d'^X'^ + e'^f'B.^d^X'^dpX' + lE.^i^^p'^d^r)- (2.12) 

The boundary conditions are (|2.1| ) and 

{E,^r+TE^,r-) U=o,., (2.13) 

related as in ( p.5|) . When these conditions are imposed, the action (|2.12|) is supersymmetric. 
Clearly, this action cannot be written in standard bulk-superfield form due to the boundary 
term. 



^There is a trivial solution tp'^ — ±4'+ — const. spinor which we are not intrested in. 
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2.2 Non-constant metric and 5-field 



In this subsection we extend the previous analysis to include a general metric g^^ and an- 
tisymmetric two-form B^iy. For ease of notation, we use superfield language at some of the 
steps where we used component notation in the previous subsection. 

Again we start from the superfield version of the theory^ 

s = J (ficPe c = J (fi(fe d+$^d_$''^^^(<i>), (2.14) 

where the 6 independent part (denoted by |) of is = g^j^u + -B^;/ with g and B the 
space-time metric and antisymmetric tensor field, respectively. 

Using ( [A.52| ) of the appendix, we find the supersymmetry variation of a general action 
to be 

5eS = -i j [e+d^D_ - e~d=D+] C\. (2.15) 
For the special case of ( |2.14| ), ( [^.15| ) implies that 

Tl{{D_± D+)D+$^D_$'^E^,($)} I (2.16) 

has to vanish at o" = 0, vr. (Here t] = = , as before). 

The field equations for the action with Lagrangian (|2.14| ) are obtained from the general 
variation 

ss = J (fiSe [5$ {(D+D_$'^)(E[,^] + D+$''D_$'^(E,[,^] - E^,^)] 

= h + l2- (2.17) 

Here Ji gives the field equations in the bulk (of the world sheet) and I2 is a boundary term 
which implies the vanishing of 

[D_ {5'^^D_'^''E^,} - D+ {D+^^d^'E^,}] \ (2.18) 

at o" = 0, TT. 

As before, it is easy to convince oneself that the two requirements ( |2.16| ) and (|2.18|) are 
incompatible except when B^y = 0. Since the discrepancy is purely at the boundary of the 
world sheet we want to add a boundary term. Guided by a study of the case of constant 
Efj,i, (see equation (|2.11|) ), we add the term 

Cb = -id={^^tlj'iB^,{X)) (2.19) 



^In this section we use the normaUzation a' = (47r) 
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to the component Lagrange density. Adding the contributions from (|2.19| ) to (|2.18|) , the 
boundary term (in components) reads 



6X^ 



d=X''E^ 



/iu,p 



0. (2.20) 



(Comma denotes a partial derivative.) Our solution for the present case is obtained starting 
from formally the same fermionic condition as in the constant case, i.e., from ( 2.13| ) with 
non-constant E^iy. Substituting the ip variations (at the boundary) that result from ( |2.13 ) 
into ( |2.20| ) we find that ( p.l| ) gets replaced by 

i {d^x'^E,, - d=x''E,,} ± r-r+Eap,, + r-i^'-E, 



iJir+E, 



a=0,7r 



(2.21) 



The relations ( p.l3| ) and ( p.21|) in conjunction with the F-field equations are sufficient to 
show that the sum of the boundary supersymmetry variation ( |2.16| ) and the variation of 
(|2.19|) vanish. The auxiliary F-field equation follows from Ii in (|2.17|) and reads 



2F^_^^, + {E^u,p + Ep^^, - E, 



piy,pj 



0. 



(2.22) 



We note for future reference that it contains the 5-field as a field- strength only. One can 
check that the boundary supersymmetry variation of ( |2.13| ) is proportional to ( |2.21| ), the 
same relation as in ( p.5| ). In checking this one should keep in mind that the supersymmetry 
transformations look rather involved due to (|2.22 ). 

In the constant case there are only two fermionic boundary terms possible. However, 
in the nonconstant case there are infinite many fermionic boundary terms available (for 
instance, B ^y^pip'i^'ip'^ipl.) . All these terms (except the terms in ( |2.1(j| )) contain derivatives of 
the background fields. 



3 Matter coupling on the boundary 

In this section we discuss the possible coupling to an A^-field on the boundary. We argue 
that there is an essentially unique such coupling that preserves supersymmetry and the shift 
symmetry (defined below). 

The bosonic sigma model with a 5-field coupling is invariant up to boundary terms under 
the transformation 

5 Bp, = d^pK]. (3.23) 

When a boundary is present the resulting boundary term is compensated by a shift 5Ap = Ap 
of an y4-field on the boundary whose action is 

Sa = J drApX^. (3.24) 
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When we consider the supersymmetric sigma model, two problems confront us: The addition 
of an y4-action will change the boundary conditions and we must preserve supersymmetry. 
Remarkably, both these can be resolved. 

We start from the supersymmetric action of the previous section, i.e., (|2.14 ) with the 
addition of ( p.l9| ). We then observe that a field redefinition Bf^,^ B^i, + F^^ = B^^, will 
only give a contribution on the boundary, due to the invariance ( p.23| ). We collect all the 
A-terms to a boundary action 

Sa = jdr (-2A^X^^ + + r-)F^.u{r+ - V-)) ■ (3.25) 

This is not the usual supersymmetrization of (|3.24|) (see ( |4.46| ) below); one has to keep in 
mind that the supersymmetry only holds modulo the boundary conditions. These now read 



E,^r+TE^,r^) U=o,., (3.26) 
and 

't {d^x'^K, - d=x-E,,} ± r-r+K,, + ^-^-4-,p - r+r+E„,,] = o, (3.27) 

where E contains B and F in the combination 13. Note that this implies that the boundary 
conditions are invariant under the shift symmetry. Note also that the auxiliary F+„ field 
equations that we need in the supersymmetry check are invariant too (see the comment 
after ( |2.22| )). In fact, since our present model is related to the supersymmetric one by a shift 
invariant field redefinition, it is supersymmetric and shift-invariant by construction. This 
has also been explicitly verified. 

Some comments are in order. First, we again stress that the field-redefinition of B is 
a tool which allows us to identify the shift-invariant action. Second, superficially, ( |3.25|) 
depends on both ipj^ + and ip^ — ip-. However, using ( |3.26D we may eliminate one in 
favour of the other. Third, one may ask what happens to our model in the limit of vanishing 
5- field and the relation to the standard supersymmetric A-field action as given in ( [4.46 ) 
below. When _B = there are still F-contributions to ( |3.26| - |3.27| ), and they do indeed 
ensure supersymmetry (modulo these conditions). The usual A- field coupling, on the other 
hand, will give contributions to the boundary conditions that are in fact incompatible with 
supersymmety of the full action. 



4 Covariant quantization 

In this section we would for completeness like to sketch the covariant quantization of the 
model and specifically discuss the issue of the broken Lorentz group. At the end the con- 
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struction of the vertex operator for emission of massless boson is given and some problems 
related to the shift symmetry are pointed out. 

Let us look at the theory with constant B^^ as given by (|2.12| ), with Neumann boundary 
conditions in all directions. Since the equations of motion are not modified we can solve them 
in the standard way. The presence of a constant i?-field results in the boundary conditions 
which relate the left and right movers in a non-trivial way 0|. The general solution of the 
bosonic equation of motion, satisfying the bosonic boundary condition, has the form 



X^(r,a) = + 2a'(G-yp^T - 2a'e'"'p^a + (z^cosna + E^^sinna), 

(4.28) 

where we use the notation (for details see 0) 

G^. = EpX^'E,, = rj,, - B,,r]P''B^,, O'^^ = -B^^{G-'r. (4.29) 

We should also solve the equations of motion for the fermionic coordinates 

d^ijjl = 0, d^ilj''_ = 0, (4.30) 

taking into account the fermionic boundary conditions (|2.13|) 

E,f,il;lTE^,r-\.=o,n = 0, (4.31) 

where the plus sign corresponds to Neveu-Schwarz (NS) and the minus to Ramond (R) 
conditions. As usual, the overall relative sign is conventional, so without loss of generality 
we set E^i,iIj'^{t, 0) = Ef.i^ip'^^T, 0). We thus have the following solutions of ([4.30|) and ( [4.31| ): 

^'^=r]'^'^Ep,^ V^e'^^^-"^ (4.32) 

r+=ri''''E,p^ ^ 5Pe^K-+<x) (4.33) 

V ^ reZ+1/2 

for the NS sector and 

^^l = 77'^^E,,i=5:<e^"(---) (4.34) 

4,1 = V'^E.,^ E <e^"^^+^^ (4.35) 
for the R sector. The standard anticommutation relations for the fermionic coordinates 

MiT,a),rBir,cr')} = nr^^-'dia - a)6AB (4.36) 
imply anticommutation relations for the modes 

{K, K} = {G-'rSr+s, {<, dU = {G-'r6^^m (4.37) 
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The canonical commutation relations for the bosonic counterpart imply the following com- 
mutator relations 



K, <] = n5n+^{G-^r, = i5>:, [g^ q"] = 27rm'r^ (4.38) 

The super Virasoro generators are 

= - E ^-^G,A+n +2 E + i;n)h^-rG,.hl^r (N S) (4.39) 

m=—oo r=— cxD 

^n, = 2 E "-mG'^^a;;+„ + - E 2'^)d-mGf,ud''rn+n (R) (4-40) 

m=— oo m=—oo 
oo 

a= E «-nG;..6,V (^5) (4-41) 



n=— oo 

oo 



E (i?), (4.42) 



m=— oo 



where normal ordering is assumed in all expressions. These generators give the standard 
super Virasoro algebra with central extention. The i?-field does not change the anomaly in 
the super Virasoro algebra and the system can thus be quantized as usual. 

The presence of a 5-field breaks the Lorentz symmetry to the S0{2r — 1, l)(8)(S'0(2))'^/^~^ 
subgroup where {d — 2r) is the rank of the matrix B^,^. Let us take a look at the spectrum. 
As in the bosonic case, to avoid trouble we should define the mass using the new metric G^i,. 
The NS sector is the same as usual. The ground state corresponds to a tachyon with mass 
= —p^{G~^)'^^pu = — l/(2a'). The state C/i^-i/2|0; ^) a massless vector with respect 
to the new Lorentz group. In the R sector we have a fermionic zero mode that makes the R 
ground state degenerate, since [d^, Lq] = 0. 

{d^„d'^} = {G-'r. (4.43) 

Thus the R ground state transforms as a space-time fermion under the new Lorentz group. 
The zero modes are given by 



^0 = 4(^1 (4.44) 



where F,^ are the standard gamma matrices as in |^. One can interpret this to mean that 
as the 5-field varies from to oo there is smooth interpolation between Lorentz symmetry 
and the R-symmetry. 

We may use the above results to construct the vertex operator for emission of massless 
boson CAt^'^i/2|05 ^) along the standard lines (see discussion in section 4.2.3 i volume 1 of [^) 
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using the modified commutation relations ( [4.37|) , (|4.38|) and the super Virasoro generators 
(CT-(ra)- The result is 



V = (Cm^'^(O) - CM^''(0)A;.^"(0))e*''''^"^"^ (4.45) 

where \E''^(0) = l/2('?/;+(0) + ^/'^!(0)) and is the polarization vector of the spin-one field. 
Note that ( [4.45[ ) is identical to that discussed in . If we naively read off the matter coupling 



to the sigma model 0, we expect it to be 

Sa = j dr ^A,X^^ - If^,^/^^-) . (4.46) 

This concides with the boundary interactions discussed in ^ |IU| but disagrees with ( ^.25| ). 
The difference seems to emanate from our different approaches. The interaction (^4.46|) is 
supersymmetric by itself, independent of the boundary conditions. The interaction ( |3.25D 



on the other hand, is only supersymmetric together with the rest of the action and with the 
appropriate boundary conditions (derived from the total action) imposed. Note also that 
the full action with (|3.25| ) included respects the shift symmetry whereas we do not know 



how to realize the shift symmetry in a supersymmetric way with the interaction in ( [4. 461 ) 



5 Discussion 

We first make some comment on the boundary conditions that we have derived. Let us start 
from the case when B^y = and g^iy is arbitrary. In this situation the boundary conditions 



(|2.13| ) for the fermions are 

{r+Tr-}a=o,n = 0. (5.47) 
The F-field equation ( |2.22|) has the form 

F{^_ + 7/>^C^^p = o, (5.48) 

where V^i^p are the Christoffel symbols. Thus on the boundary the equation ( |5.48| ) reduces to 
F'^_ = because of the symmetries of the Christoffel symbols and the boundary conditions 
(|5.47|) . Therefore the supersymmetric transformation restricted to the boundary is exactly 



the same as in the constant case (P^). Further, the boundary condition ( |2.21D collapses to 
X'f^ = 0. We thus see that the curved metric by itself does not make the boundary conditions 
more complicated than in the constant case. However some problems might arise when we 
try to introduce Dirichlet conditions in some of the directions. Like in the case with constant 
S-field, discussed below, the mixed components of the metric are the source of these 
difficulties. (Here i is Dirichlet and m is Neumann directions.) 
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In our discussion so far we have used Neumann bounary conditions^in all directions. Thus 
we had in mind, e.g., open strings that represent fluctuations of a D9-brane. Restricting to 
constant E case, we may ask which other boundary conditions the action (p.l2 ) admits. In 



other words we take a look at a general Dp-brane with p < 9. We assume no special direction 
for the background i?^j,-fielclQ. To define the Dp-brane we impose the following Neumann 
conditions 

d=X"Emn — d^X'^Enm\a=0,n = 0, Enmi'+ T Emn''P-\a=0,n = 0, U, TU = 0, 1, . . . , p 

(5.49) 

and the Dirichlet conditions 

X' = 0\a=o,., ^V±^iU=o,. = 0, t = p+l,...,9. (5.50) 



In ( |5.49| ) and ( |5.5(J| ) the bosonic and fermionic conditions are related to each other through the 



supersymmetry transformations (|2.2|) . By plugging these conditions into the corresponding 
variations of the action ( p.l2|) one will find that in the generic situation there are non- 
vanishing terms propotional to the mixed component -Bjm- 

One may view this slightly differently: If we impose the Dirichlet conditions (|5.5CI|) in some 
directions and try to choose other boundary conditions to cancel the corresponding variations 
then in addition to ( |5.49| ) and ( p. 501 ) we would have to introduce boundary conditions which 
mix the Neumann and Dirichlet directions. A theory with such boundary conditions would 
be inconsistient , as may be easily seen. However, by a meticulous choice of the Dirichlet 
directions we may obtain that Bim = and then things will work out. We may thus 
interpret this as restrictions on the orientation of those Dp-branes for which the action 
(|2.12 ) is consistent. E.g., there is no problem if the 5-field is non-zero only along the brane. 



The restrictions have a natural interpretation related to the broken Lorentz group. 
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A Appendix 



Throughout the paper we use n^u, ... as spacetime indices. The two dimensional spinor in- 
dices are (a, 6, ... = 0, 1) and (a, /3, ... = +, — ) denote world sheet indices. We also use super- 
space conventions where the spinor coordinates are labeled 9"^ and the covariant derivatives 
D± and supersymmetry generators Q± satisfy 

Dl = id^, Di=id= {D+,D_} = 

g± = -D± + 2ie^d^ (A.51) 

where — do± di. In terms of the covariant derivatives, a supersymmetry transformation 
of a superfield $ is then given by 

5$ = (5+g+ + £-g_)<i> 

= -(£+£>+ + £-£)_)$ + 2i(£+e+a-H- + £"ra=)$ (A.52) 
The components of a superfield $ are defined via projections as follows: 

$1 = X, = Vi, D+D_^\ = F+_, (A.53) 

where a vertical bar denotes "the 9 = part of " . Choosing the world-sheet 7-matrices as 

where {p", p^} = +21]°"^ and 1]°'^ = (— , -|-), the Majorana spinors ip can be decomposed into 
two compenents with different chirality 

= = p°p\ (A.55) 



Thus the spinors ip are 

= I 

and -0 = ('0+,'0_) = ip^p^. 



ip= \ I (A.56) 
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